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Abstract 

We study the quantization of systems with local particle-ghost symmetries. The 
systems contain ordinary particles including gauge hosons and their counterparts 
obeying different statistics. The particle-ghost symmetry is a kind of fermionic sym¬ 
metry, different from the space-time supersymmetry and the BRST symmetry. Sub¬ 
sidiary conditions on states guarantee the unitarity of systems. 


1 Introduction 

Graded Lie algebras or Lie superalgebras have been frequently used to formulate the¬ 
ories and construct models in particle physics. Typical examples are supersymmetry 
(SUSY) [T]|2l[3l[ll and BRST symmetry |5l[6l[71. 

The space-time SUSY O [9l is a symmetry between ordinary particles with integer 
spin and those with half-integer spin, and the generators called supercharges are space- 
time spinors that obey the anti-commutation relations fTOlfTTl . 

The BRST symmetry is a symmetry concerning unphysical modes in gauge fields and 
abnormal fields called Faddeev-Popov ghost fields HZ). Though both gauge fields and 
abnormal fields contain negative norm states, theories become unitary on the physical 
subspace, thanks to the BRST invariance (HI[111. The BRST and anti-BRST charges are 
anti-commuting space-time scalars. 

Recently, models that contain both ordinary particles with a positive norm and their 
counterparts obeying different statistics have been constructed and those features have 
been studied [HI dH [171 [H]. Models have fermionic symmetries different from the 
space-time SUSY and the BRST symmetry. We refer to this type of novel symmetries 
as “particle-ghost symmetries”. 

The particle-ghost symmetries have been introduced as global symmetries, but we 
do not need to restrict them to the global ones. Rather, it would be meaningful to exam¬ 
ine systems with local particle-ghost symmetries from following reasons. It is known that 
any global continuous symmetries can be broken down by the effect of quantum gravity 
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such as a wormhole (191 • Then, it is expected that an fundamental theory possesses local 
symmetries, and global continuous symmetries can appear as accidental ones in lower- 
energy scale. In the system with global particle-ghost symmetries, the unitarity holds by 
imposing subsidiary conditions on states by hand. In contrast, there is a possibility that 
the conditions are realized as remnants of local symmetries in a specific situation. 

We study the quantization of systems with local particle-ghost symmetries. The sys¬ 
tems contain ordinary particles including gauge bosons and their counterparts obeying 
different statistics. Subsidiary conditions on states guarantee the unitarity of systems. 
The conditions can be originated from constraints in case that gauge fields have no dy¬ 
namical degrees of freedom. 

The contents of this paper are as follows. We construct models with local fermionic 
symmetries in Sect. II, and carry out the quantization of the system containing scalar 
and gauge fields in Sect. III. Section IV is devoted to conclusions and discussions. In 
appendix A, we study the system that gauge fields are auxiliary ones. 


2 Systems with local fermionic symmetries 

2.1 Scalar fields with local fermionic symmetries 

Recently, the system described by the following Lagrangian density has been studied dHl 

HailTKIHl, 


■^cp,c^ =d^(p^d^(p-m^(p^(p + d^cld^Ccp-m^c}pC^p, ( 1 ) 

where (p is an ordinary complex scalar field and Cq) is the fermionic counterpart obey¬ 
ing the anti-commutation relations. The system has a global OSp{2\2) symmetry that 
consists of U{1) and fermionic symmetries. The unitarity holds by imposing suitable 
subsidiary conditions relating the conserved charges on states. 

Starting from |[TJ, the model with the local OSp{2\2) symmetry is constructed by in¬ 
troducing gauge fields. The resultant Lagrangian density is given by 


= {(d^ - igA^ - igB^)(p^ - gC“cJ,}{(d^ + + igB^)(p +gC^^^Cq,} 

+ {(d^ - igA^ + igB^)cl - gC+(/)^}{(d^ + igA^ - igB^^)Cq, - gC~^(p} 

- m^cp^cp- m^C^q,Cq„ ( 2 ) 

= -{d^^v - dyA^ + ig(C;c; - C+C;)}{d^B^ - d^B^} 

- i{d^C+ - dyC; + 2ig{B^C+ - ByC^)} 

• {d^C~^ - - 2ig(B^C“^ - B^C~^^)}, (3) 

where A^ and B^ are the gauge fields relating the (diagonal) LA(1) symmetries, and C~ 
are gauge fields relating the fermionic symmetries, and g is the gauge coupling constant. 
The quantized fields of C* obey the anti-commutation relations. 
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The 56 is invariant under the local [/(I) transformations, 

dAip = -ieq), dA(p^ = ie(p\ dACq, = -iecq,, 5^4 = 

6AA^^-d^e, = = 0, = 0, (4) 

§ 

dB(p^-i^(p, 6 B(p^^i^(p\ dBCfp^i^Cq,, = 

dBAq^^O, dBB^^-d^^, 5bC; =-2i.rc;, 5BC-^2i^C- (5) 

and the local fermionic transformations, 


5F(p^-(Cq), dfCp^^O, d^Ccp^O, 5fC^ = C^^ 

5^A^--iC,C^, dpB^-O, 5 bC^ - 2i(B^ + —d^(, dpC^-O, (6) 

§ 

d+(/J = 0, d+(/J+ = C^cJ„ 5^c<^ = CV. 44 = ^’ 

4yi^ = -ic+c;, 4^^ = o, 4c; = 0, 4c; =-2/45^+^5^4, (7) 

where e and ^ are infinitesimal real functions of x, and ( and are Grassmann-valued 
functions of x. 

The S^M and S^q are simply written as 

^M = (C»^‘l>)^( 0 ^<l>)-m 2 <D+cD and =-^StrCF^^cn, (8) 

respectively. In £^m, and O are the covariant derivative and the doublet of fermionic 
transformation defined by 




dfi + igA^ + igB^ gC; 

-gC; d^ + igA^-igB^ 


and <1> = 



(9) 


respectively. In S^q, Str is the supertrace defined by StrM - a - d where M is the 2x2 
matrix given by 


a b \ 
c d j 


The F^y is defined by 


CjUV — . [DlJ,,Dy] 

Ig 


Afxy + B^y 


-ir+ 


1/iV ' 


B 


/iV 


where B^y, c;^ and C^y are the field strengths given by 

A^v = d^Ay — dyA^ + ig{C^ Cy — Cy C^), 
Bjxy — d^By — dyBqi, 

c^y = d^c; - dyc;+2ig(B^c; - Syc;), 


(10) 


( 11 ) 


( 12 ) 

(13) 

(14) 
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c;^ = - 2/g(5^c; - b^c;). (15) 

Under the transformations fH - Q, the field strengths are transformed as 

dAA^y^O, dAB^y^O, 6 aC;^^0, SaC-^^O, (16) 

5bA^v-0, SeB^v-O, dBC^^ -2i^C^y, (17) 

dpA^y^-iCC-^, aFB^v = 0, aFC+^ = 2iCB^v, 5fC-^ = 0, (18) 

dlA^y = dlB^y = 0, ajc;^ = o, ajc;^ = -2i(^B^y. (i9) 

Using the global fermionic transformations, 

d^ip^-Cfp, aF^^ = 0, dFC^ = 0, dFC^ = (/?^ 

5-BA^--iC^, SpB^-O, 5^C^-2iB^, ^fC^ = 0, (20) 

dlq) = 0, dl(p^ = , dpC,p = cp, dpC^ = 0, 

d+7l^ = -iC;, d+B^ = 0, d+C; = 0, d+C; = -2iB^, (21) 

if is rewritten as 

if = apdJif^^.A = -SISfS£^,a, (22) 

where S^(p,A is given by 


^<P,A = {(a^ - igA^ - igB^)(p^ - gC^ 4}{(a^ + igA^^ + igB^)(p + gC+^c^} 

- m^cp^cp - i (23) 

2.2 Spinor fields with local fermionic symmetries 

For spinor fields, we consider the Lagrangian density, 

■^n>,cy, = iy/j^d^y/ - my/y/ + - mc^Cy,, (24) 

where y/ is an ordinary spinor field and Cy, is its bosonic counterpart obeying commu¬ 
tation relations. This system also has global (7(1) and fermionic symmetries, and the 
unitarity holds by imposing suitable subsidiary conditions on states. 

Starting from ll24|, the Lagrangian density with local symmetries is constructed as 

+ ^SA^i + igB^]yf + gC+ Cy,} - ni^y/ 

+ iCy,r^{[d^ + igA^ - igB^)Cyj - gC~y/] - mcy,Cy„ (25) 

where ifo is given by 0, ^ = y/^j^, 'ey, = and yP are the y matrices satisfying 
{yP,y^} = 277^^. The ifj^ is rewritten as 

- mW, (26) 


4 


where and 'F are the extension of y-matrices and the doublet of fermionic transfor¬ 
mation defined by 




0 i 

0 J 


and 'F = 


Xf/ 

Cy/ 


respectively. 

The is invariant under the local C7(l) transformations, 


dAf^-iexif, 5 Af"'^ ief"', dACy, ^ -iecy,, 

dAA^^-d^e, dAB^ = 0, 6 aC^ = 0, d^C; = 0, 

§ 

6 BV^^^i£,V^\ 5 BCy,^i^Cy,, dBcJ, = -/^cJ„ 

5bA^ - 0, dgS^ = —d^(f, dgC^ = -Zi^C^, 6 bC^ - 2i^C^ 

and the local fermionic transformations, 


( 27 ) 


( 28 ) 


( 29 ) 


dFy/ = -(cy,, dFiF^ = 0, dFCi^ = 0, dFcJ, = -CiF^ 

dF^^ = -/dC-, dFB^ = 0, dFC; = 2iC5^ + -d/, dFC; = 0, (30) 

§ 

dJiF = 0 . = = 44 = °’ 

dlA^ = -fC+c;, d^B^ = 0, d+c; = 0, d+c; = -2i(^B^ + (31) 

where e and ^ are infinitesimal real functions of x, and C and are Grassmann-valued 
functions of x. 

Using the global fermionic transformations, 

dFlF = -Cy, dFlF'^ = 0, dFCy = 0, dFc| = -1/A^ 

dFA^ = -iC;, Ma, = 0, 4c; = 2/B^, dFC; = 0, (32) 

dpiF — 0, dp^F — dpC^ — xj/, dpC^ — 0, 

4^1^ =-iC;, 4^^ = 0, dlc^^o, 4c; = -2iB^, (33) 

if ®P is rewritten as 


^ = dvSl^y,,A = ( 34 ) 

where S^y,,A is given by 

+ igqA^ + igB^)y/ + gC^ Cy,} - mxf/xf/ - ^A^yA^^. ( 35 ) 

3 Quantization 

We carry out the quantization of the system with scalar and gauge fields described by 
if = ifM + ^G. 
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3.1 Canonical quantization 


Based on the formulation with the property that the hermitian conjugate of canonical 
momentum for a variable is just the canonical momentum for the hermitian conjugate of 
the variable [m, the conjugate momenta are given hy 


71 : 


JT 


TTr 


t _ 


(dS£\ 

dip J 

idS£ 


R 


j 

id5£' 


[dCtpj 


t - 


7T 


O'; 


= 


’ d^ \ 


= (do - igAo - igBo)(p^ - gC^ 4- 

(36) 

= (dg -t igAo + igBo)(p + gCg c^, 

(37) 

= (do - igAo + /gBo)4 ~ S'C’o (p\ 

\ 

(38) 

= (dg -t igAo - igBo)c^ - gCg" (p, 

(39) 


(40) 

=c-r n/.( ) 

(41) 


Jb. 


where^ = d0ldt, and R and L stand for the right-differentiation and the left-differentiation, 
respectively. From iHOll and iHD, we obtain the primary constraints, 


n°=o, n°=o, n+‘’ = o, np‘’ = o. 


(42) 


Using the Legendre transformation, the Hamiltonian density is obtained as 

^^n(p + (p^TT^ + Tic^Ctp + c]p7i\^ + -t -t n”^c“ - 5£ 

+ + Hg As + Ajnj'’ + 

- TTTT^ + 7lc^7l\^ + (D;<1>)^(D'0) + 

- igAo{nip -ip^n^ + nc^ c^ - c^nl^) 

- igBoimp - (p^n^^ - nc^c^ + c^nl^ + 2C+n+' - 2n“'Cr) 

- gCg {nc^ - cp^nl^ + iCpU\ - 2/5,0+') 

- g (4^^ + ^ iS/ n“') Co 

+ YIaiY^b 4 4 di^o -f rigdjBo 

+ n+.n-' + c'^' + d,c+ n+' + n^d/Co- 

+ A^n°+n°AB + A+n+‘’ + nc'’Ac, (43) 


where Roman indices i and j denote the spatial components and run from 1 to 3, Xa, 
As, A+ and A^ are Lagrange multipliers, and Aq + Xa, Bo + Xb, Cg -i- A+ and Cg + A^ are 
rewritten as A^i, Ab, A+ and X~ in the final expression. 
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Secondary constraints are obtained as follows, 


dt 

dUl 


H}pg = ig (tk/? - (p^n^ - Ttc^ + clnl^ 

i ) + ~ 


+2c+n+'-2n“'cr' 


dn+° 

dt 

dn-° 

dt 


i+O 


■(' 




\+i 


4 


— 0 

(44) 


(45) 

-t d/H^' = 0, 

(46) 

+ - 0, 

(47) 


where H is the Hamiltonian H = f JCd^x and {A,5 }pb is the Poisson bracket. The Pois¬ 


son bracket for the system with canonical variables (Q^, Pk) and (qL pI) is defined by [HI 


fc’" 



where IQfcl is the number representing the Grassmann parity of Qk, i.e., IQ^I = 1 for the 
Grassmann odd Qk and IQ^I = 0 for the Grassmann even Qk. There appear no other 
constraints, and all constraints are first class ones and generate local transformations. 
We take the gauge fixing conditions, 

A° = 0, B° = 0, 0+^ = 0, C“‘’ = 0, d/^' = 0, diB‘^0, d,C+'=0, d/C“'=0. (49) 


The system is quantized by regarding variables as operators and imposing the follow¬ 
ing relations on the canonical pairs. 


[(p{x,t),niy,t)] = W{x-y), [(p^{x,t),Ti{y,t)] = Wix-y), 
{cUx, t),TicAy, r)} = i5^{x-y), {cUx, t),Til (y, t)} = -i5^{x-y), 


rtr 


[Ai(x, t),n\[y, t)] = i 
[Bi{x,t),'^B{y, t)]^i 
{Clix, t),uyiy, r)} = - 
{C^ix, t),U~hy, t)} = i 


j a,aJ 




5^{x-y), 


5^{x-y), 


ci didJ 

' z\ 


d^ix-y), 




6^ix-y), 


(50) 

(51) 

(52) 

(53) 

(54) 

(55) 


where [&i,^ 2 ] = & 1&2 - {@\,@ 2 S = @’ 1^2 + & 2 ©\, and only the non-vanishing ones 

are denoted. Here, we define the Dirac bracket using the first class constraints and 
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the gauge fixing conditions, and replace the bracket with the commutator or the anti¬ 
commutator. 

On the reduced phase space, the conserved U{1) charges Na and Nb and the con¬ 
served fermionic charges Qf and Qp are constructed as 

Na^-I j d^X ^7T(p - (p^Tl^ + TTc^ C^p - , (56) 

A/fi = - ?■ j d^x {nip - (p^n^ - Uc^c^p + c]pnl^ + 2C/T1J' - 211^'j, (57) 

Qf - - J d^x l^7ic,p-(p^7il^ + iC[n‘^-2iBin^‘j, (58) 

qJ = -J|c^7r'^-7rc^^-(59) 

The following algebraic relations hold: 

Qf^ = 0, Qp = 0, {Qf, Qp} = Na, [Na, QfI = 0, [Na, Qp] = 0, 

[A^b,Qf] = -2Qf, [Nb,qI]=2qI, [Na,Nb]^0. (60) 

The above charges are generators of global (7(1) and fermionic transformations such that 

dA0 = i[eoNA,m, 5 b© = i[^oNB,©], 6f© = i[(oQv,©], 6\© = ([Q+Cj,^], (61) 

where co and are real parameters, and Co and Cq are Grassmann parameters. Note that 

^F and dp in llSOli and ll2T]i are related to ^f and dp as ^f = CodF. dp = Cjdp. 

The system contains negative norm states originated from Cip, c]p and Cf. In the pres¬ 
ence of negative norm states, the probability interpretation cannot be endured. To for¬ 
mulate our model in a consistent manner, we use a feature that conserved charges can 
be, in general, set to be zero as subsidiary conditions. We impose the following subsidiary 
conditions on states by hand, 

)VAlphys>=0, A(Blphys> = 0, QFlphys) = 0, Qj|phys> = 0. (62) 

In appendix A, we point out that subsidiary conditions corresponding to (6211 can be re¬ 
alized as remnants of local symmetries in a specific case. 

3.2 Unitarity 

Let us study the unitarity of physical S matrix in our system, using the Lagrangian density 
of free fields, 

^0 = d^(p^d^(p - m^(p^(p -F ^p_c]p^^c^p - m^c]^c,p - - d^Cl (63) 

where the gauge fixing conditions (4911 are imposed on. The describes the behavior 
of asymptotic fields of Heisenberg operators inS^ - + ^g- 
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From ll63|, free field equations for (p, (p\ C(p, c^, Ai, Bi and Cf are derived. By solving 
the Klein-Gordon equations, we obtain the solutions 

d^k 


(pM 


(p\x) - 


7r(x) = i 


V{2n)^2ko 
d^k 


v/(27r)32A:o 




(x) - 


-I 


C(p(x) 


c+(x) 


=I:7MwS‘*^ 




e-''^^ + dHk)e^’^^ 


V (271)32 fco 
d^k 


f —=^=(cHk)e‘'^^ + d(k)e-^^^], 

J v/(271)32fco ^ '' 

7rc^(x) = 7 J 


tt)) (x) 


-•/ 




fco 


2(271)- 


(c(fc) 




(64) 

(65) 

( 66 ) 

(67) 

( 68 ) 

(69) 

(70) 

(71) 


where ko - Vk^ + m^ and kx -k^x^. 

In the same way, by solving the free Maxwell equations, we obtain the solutions, 

d^k 


Aiix) = 
Biix) = 


/ 
-I 
-I 

7W=/ 


cUx) 


\{x)^2i J 

=^‘l 


v/(27r)32A:o 

d^k 

V (271)32 A:o 
d?k 

Vi27T)^2kQ 

d^k 

v/(27r)32A:o 
d^k 


(e“a„(fc)e-'^^ + ep4(fc)e'^^' 


2(271) 


nux) 


n+'(x) = 7 




fco 


2(271)- 




n^'(x) = - i I d k 






2(271)3 


(72) 

(73) 

(74) 

(75) 

(76) 

(77) 

(78) 

(79) 
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where ko = |fc| and are polarization vectors satisfying the relations, 


kief = 0, 


a ^la 




kjki 


The index a represents the helicity of gauge fields. 

By imposing the same type of relations as ll50| - ll55|, we have the relations, 

[a{k),a\l)] - 6^{k-l), [b{k),b\l)] - 6^{k-l), 

{c{k), c+(Z)} = - Z), {d{k), dhl)} = -5^{k - Z), 

[aa{k),b'l,il)] = -^daa'S^ik-l), [baik),al,{.l)] = -^Saa'5^ik-l), 

{Ca{k),cl,il)} = 5aa'5^ik-l), {da{k),dlil)} = -6aa'S^ik-l), 


(80) 


(81) 

(82) 

(83) 

(84) 


and others are zero. 

The states in the Fock space are constructed hy acting the creation operators aHk), 
bHk), cHk), dHk), o-aik), b\{k), c]^{k) and d^bk) on the vacuum state |0>, where |0> is 
defined hy the conditions a(fc)|0> = 0, b{k)\0) - 0, c(fc)|0> = 0, dik)\0) - 0, aaik)\0) = 0, 
baik)\0) = 0, Ca{k)\0) = 0 and da{k)\0) = 0. 

We impose the following subsidiary conditions on states to select physical states, 

A(Alphys>=0, A(B|phys> = 0, QFlphys> = 0, Qp|phys> = 0. (85) 

Note that Qplphys) = 0 means (physIQp = 0. We find that all states, except for the vac¬ 
uum state, are unphysical because they do not satisfy ll85ll. This feature is understood 
as a counterpart of the quartet mechanism (T3l[Il]. The projection operator on the 
states with n particles is given by 

pM ^ i I a^pin-l) ^ ^ ^ c^pin-l) ^ pin- 1 ) ^ 

n i 

+ E ba - Ua + Ca - da] \ , (86) 


where n > 1 and we omit k, for simplicity. Using the transformation properties. 


6^a--c, -0, S^b-O, SFb^--d\ 

5fC-0, S-pc^-a^, Spd-b, Spd^-0, 
dp da — idaj dpd^ — IC^j dpba — 6 , dpb^ — 0 , 
— 2ibai — 6 , dpda — 6 , dpd^ — 2ib 


is written in a simple form as 


where is given by 




R 


in) 


n 


-\c'P 


,t r>in-l] 


a + b'P 


,t d(«-1) 


d+iJ2( 




+ d'aP 


t Tjin-l) 


j 


(87) 


( 88 ) 


(89) 
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From llSSt . we find that any state with n > 1 is unphysical from (phys|P*”*|phys> = 0. 
Then, we understand that every field becomes unphysical, and only |0> remains as the 
physical state. This is also regarded as a field theoretical version of the Parisi-Sourlas 
mechanism (20 . 

The system is also formulated using hermitian fermionic charges defined by Qi = 
Qf + Qp and Qz = i{Qv - Qp)- They satisfy the relations QiQz + QzQi - 0, Qi^ = Na and 
Qz^ - Na- Though Qi, Qz and Na form elements of the N = 2 (quantum mechanical) 
SUSY algebra (HI, our system does not possess the space-time SUSY because Na is not 
our Hamiltonian but the (7(1) charge Na- Only the vacuum state is selected as the phys¬ 
ical states by imposing the following subsidiary conditions on states, in place of 

N^lphys) = 0, Nfilphys) = 0, Qdphys) = 0, Q2lphys> = 0. (90) 

It is also understood that our fermionic symmetries are different from the space-time 
SUSY, from the fact that Qi and Qz are scalar charges. They are also different from the 
BRST symmetry, as seen from the algebraic relations among charges. 

The system with spinor and gauge fields described by -t S£q is also quan¬ 

tized, in a similar way. We find that the theory becomes harmless but empty leaving 
the vacuum state alone as the physical state, after imposing subsidiary conditions cor¬ 
responding to ll62l l. 

3.3 BRST symmetry 

Our system has local symmetries, and it is quantized by the Faddeev-Popov (FP) method. 
In order to add the gauge fixing conditions to the Lagrangian, several fields correspond¬ 
ing to FP ghost and anti-ghost fields and auxiliary fields called Nakanishi-Lautrup (NT) 
fields are introduced. Then, the system is described on the extended phase space and 
has a global symmetry called the BRST symmetry. We present the gauge-fixed Lagrangian 
density and study the BRST transformation properties. 

According to the usual procedure, the Lagrangian density containing the gauge fixing 
terms and FP ghost terms is constructed as 


■^T - + -^gf + 

^gf = -d^bA - d^bB + d^(pl C-P 

+ ]^a{b\ + bl + 2(pl(Pc), (91) 

ifpp = -id^CAid^CA - ig4>C~^ + - id^CB d^CB 

+ i{d^(f)-2igCBC'^^ + 2ig(f)B^)dn(l) 

- - 2igCBC-^ - 2/g0+BP), (92) 

where ca, cb, (f> and cf)^ are FP ghosts, ca, cb, (p and (p^ are FP anti-ghosts, bA, bB, ipc and 
(pi are NL fields, and a is a gauge parameter. These fields are scalar fields, ca, cb, ca and 
Cb are fermionic, and bA and bB are bosonic. In contrast, (p, (p and (p^ are bosonic, 
and (pc and <pl are fermionic because the relevant symmetries are fermionic. 
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The 5£'i is invariant under the BRST transformation, 

<5brstV = - igCAip - igCB<P - g(pc^, <5brstV^ = igCA(p^ + igCRif^ - 
^brstC,^ = -igCACcp + igCBCcp - ^brst^J, = igC^icJ, - /gCficJ, + g(f)(p\ 

^brstCj4 = — ig(f)^(p, <5brstCb = 0, 5brst0 — ~2 igC50 , (5brst0^ — 2 /gC50^, 

^BRST-d/J — d^CA ~ ig^Cjj^ + ig(P Ci^, ^BRST^/i — djj^CB, 

^brstC^ = -ZigcsC^ + 2ig(pB^ + d^(p, 5bC“ = 2igCBC~ + 2ig(p^B^ - d^(p\ 
^brst^A ~ i^At <5brst^B ~ i^B} ^brst0 ~ i^Pct ^brst 0 ~ ~^0c' 

^BRST^j4 ~ ^BRST^B ~ ^BRST^C ~ ^^BRST^C ~ (92) 

where the transformations for (p^, c^, 4 , B^, and C~ are obtained by regarding 

the sum of transformations + dg + dp + dp as dRRsi and replacing e, ( and with gCA, 
gCB, g(p and -g(pK and those for ca, cb, (p and (p^ are determined by the requirement 
that dBRST has a nilpotency property, i.e., dBRsi^^ = 0. 

The sum of the gauge fixing terms and FP ghost terms is simply written as 

i!fgf + i!?FP = J<5BRST{d^c,4 + d^CB B^ + C^^d^cp + d^ip' C~^ 

-]^a(cAbA+'cBbB-(Pl(p-(p^ (Pc)]- (94) 

According to the Noether procedure, the BRST current and the BRST charge Qbrst 
are obtained as 

/b^rst = bAid^CA - ig(pc~^ + igcp'^C^^) - CAd^bA + dsd^cg - cgd^dg 

- 0c(d^0 -2igCBC^^ + 2ig(pB^^) + (pd^'ipc 

- (plid^cf)^ - 2igCBC~^ - 2ig<p^B^) + cp^d^cpl 

- 2gCB<pd^(p - 2gCB(p^d^(p^ - g(p^(pd^^CA 

-2dyicABn -2dyicBAn - dyi(pc-^^^) - dyi(P^C^n (95) 


and 


Qbrst = j = j x{bAid°C a- ig(pC' 


° + igcp^C*^)- CAd^bA 


+ bBd°CB -d°bB Cb - <pAd^<p-2igCBC'^° + 2ig(pB°) + (pd°(pc 
- (f)lid°(p^ - 2igCBC~^ -2ig(p^B°] + (p^d^cpl 


- 2gCB(pd^(p- 2gCB(p^d^(p^ - gip'^tpd^CA], 


(96) 


respectively. Here we use the field equations. The BRST charge is a conserved charge 
{dQjissjIdt - 0), and it has the nilpotency property such as Qbrst^ = 0. 

By imposing the following subsidiary condition on states. 


QBRsilphys) = 0, 


(97) 
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it is shown that any negative states originated from time and longitudinal components 
of gauge fields as well as FP ghost and anti-ghost fields and NL fields do not appear on 
the physical suhspace, through the quartet mechanism. There still exist negative norm 
states come from c^,, and C*, and it is necessary to impose additional conditions 
corresponding to llMll on states in order to project out such harmful states. 

4 Conclusions and discussions 

We have studied the quantization of systems with local particle-ghost symmetries. The 
systems contain ordinary particles including gauge hosons and their counterparts obey¬ 
ing different statistics. There exist negative norm states come from fermionic scalar 
fields (or bosonic spinor fields) and transverse components of fermionic gauge fields, 
even after reducing the phase space due to the first class constraints and the gauge fixing 
conditions or imposing the subsidiary condition concerning the BRST charge on states. 
By imposing additional subsidiary conditions on states, such negative norm states are 
projected out on the physical subspace and the unitarity of systems hold. The additional 
conditions can be originated from constraints in case that gauge fields have no dynami¬ 
cal degrees of freedom. 

The systems considered are unrealistic if this goes on, because they are empty leaving 
the vacuum state alone as the physical state. Then, one might think that it is better not 
to get deeply involved them. Although they are still up in the air at present, but there is a 
possibility that a formalism or concept itself is basically correct and is useful to explain 
phenomena of elementary particles at a more fundamental level. It is necessary to fully 
understand features of our particle-ghost symmetries, in order to appropriately apply 
them on a more microscopic system. 

We make conjectures on some applications. We suppose that particle-ghost sym¬ 
metries exist and the system contains only a few states including the vacuum one as 
physical states at an ultimate level. Most physical particles might be released from un¬ 
physical doublets that consist of particles and their ghost partners. A release mechanism 
has been proposed based on the dimensional reduction by orbifolding fT71 . 

After the appearance of physical fields, Qp-singlets and Qp-doublets coexist with ex¬ 
act fermionic symmetries. The Lagrangian density is, in general, written in the form as 
■^Total - + -%) + -^mix = + Here, and ifmix stand for the La¬ 

grangian density for Qp-singlets, Qp-doublets and interactions between Qp-singlets and 
Qp-doublets. Under the subsidiary conditions Ai^ilphys) = 0, Aislphys) = 0, Qp|phys> = 0 
and Qplphys) = 0 on states, all Qp-doublets become unphysical and would not give any 
physical effects on Qp singlets. Because Qp singlets would not receive any radiative cor¬ 
rections from Qp doublets, the theory is free from the gauge hierarchy problem if all 
heavy fields form Qp doublets (m . 

The system seems to be same as that described by alone, and to be impossible 
to show the existence of Qp-doublets. However, in a very special case, an indirect proof 
would be possible through fingerprints left by symmetries in a fundamental theory. The 
fingerprints are specific relations among parameters such as a unification of coupling 
constants, reflecting on underlying symmetries fT5ll22l . 
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In most cases, our ghost fields require non-local interactions (I5| and the change 
of degrees of freedom can occur in systems with infinite numbers of fields (iTl. Then, 
they might suggest that fundamental objects are not point particles but extended objects 
such as strings and membranes. Hence, it would be interesting to explore systems with 
particle-ghost symmetries and their applications in the framework of string theoriesQ 
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A System with auxiliary gauge fields 

Let us study the system without described by 

= {{d^ - igA^ - igB^)(p^ - gC“cJ,}{(d^ + igA^ + igB^)(p +gC^^c^} 

+ {(d^ - igA^ + igB^)cl - + igA^ - igB^^)c^ - gC~^(p} 

- m^cp^cp - m^cJpCtp. (98) 

In this case, gauge fields do not have any dynamical degrees of freedom, and are re¬ 
garded as auxiliary fields. The conjugate momenta of (p, (p^, Cq, and are same as those 
obtained in ll36ll - ll39ll. The conjugate momenta of A^,, B^, and C~ become con¬ 
straints, 

n^ = o, n^ = o, nJ;^ = o, n“^ = o. 09) 

Using the Legendre transformation, the Hamiltonian density is obtained as 
= n(p++ Tic^Cq, + c]pTil^ + -t -t -t - se 

+ Xa,K + + H-^Ac^ 

= nn^ + -t (D,0)^(D'<1)) + 

- igAoincp - (p^n^ + 7ic^Cq> - - igBoincp - tp^n^ - 7ic^Cq> + c\,nl^) 

- gC+ (ncq, - (p^nl^) - gic^Ti^ - nc^(p)Co 

+ Aa^jH^ -f Hg Afi^ + (100) 

where A^^i, Xb/i, A^^ and A^^ are Lagrange multipliers. 

Secondary constraints are obtained as 

-j^ = {n5.f/M!pB = g;; = o, (101) 

^ Objects called ghost D-branes have been introduced as an extension of D-brane and their properties 
have been studied l23]l24l . 
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dt 
dt 

dll~^ 
dt 


- {rigjHMfpg - gjg - 0, 

= {n^''.HM}p3 = gjJ'‘ = o, 
“ {^C^’^Mfpg = sic^ - 0. 


where Hm is the Hamiltonian Hm - f and j^, j^, and 

of ?7(1) and fermionic symmetries given hy 


(102) 

(103) 

(104) 

are the currents 


il = i (^(p - Cv - ' 

Ja = - igB‘)(p^-gC~‘cl}<p-(p^{d‘ + igA‘ + igB^]<p + gC^‘c^p} 

+ {(d' + igA^ - igB‘)c^-gC~‘(p}c^-c^^{id‘ + igA‘ - igB')c,p- gC~'(p}], (105) 

Jb = * (^(P - + 4^U - 

Jb = *[{(^' - ig^' - igB')(p^ - gC~'cl}(p-(p^id^ + igA^ + igB')(p +gC^^c^] 

-{(d' + igA'- - igB^)Ctp - gC~'(p]c^ + c]p{{d^ + igA^ - /gB')c,p - gC“V}]> (106) 

;•+' = {(d' - igA'- - igB')(p^ - gC“'c^}c,p - ^'''{(d' + igA^ - igB')C(p - gC~'(p}, (107) 

7c' = 4{^^' + + igB'](p + gC+'c,p} - {(d' - igA^ + igB')cJ, - gC^^(p^(p. (108) 

In the same way, tertiary constraints are obtained as 


d 

= 04 ■f^M}pB =-5/4 = 0, (109) 

d 7^ 

-^ = {4,HM}pB = -d,-4 = 0, (110) 

d 

= {7c^7/M}pB = -5/;4' = 0, (111) 

^ = {j^’^mIpb = -dijc‘ = 0, (112) 

from the invariance under the time evolution of = 0, jg = 0, = 0 and - 0. 

On the other hand, the conditions dj^ldt - = 0, dj^dt = {;g,HM}pg = 

0, dj^’^ldt - {j+SHMipg = 0 and dj^'ldt - - 0 are not new constraints 

hut the relations to determine Xai, ^bi, ^0' ^ci' Furthermore, new constraints do 
not appear from the conditions d{dij‘^)/dt = 0, didij'^)/dt - 0, d[dij'^^)ldt = 0 and 
didij~')ldt - 0. 

The constraints are classified into the first class ones 


n° = 0 , n°=o, n+° = o, n“‘’ = o 


(113) 
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and the second class ones 


n^ = o, n^ = o, n+' = o, n“'=o, 

Ja ~ Jb ~ Jc ~ ic ~ 

7°=0, ;"=0, 7+'’ = 0, 7c'’ = 0, 

dilA = 0 - ^iJB = 0 - ^iic = 0 > ^iic = 0 - ^ 114 ) 

The determinant of Poisson bracket between second class ones vanish 

on constraints. 

Using 7°, jg, and the conserved U{1) and fermionic charges are constructed 
as 

NA = -i j d^xj^^-i j d^x [inp - + n c^c^p - c]pTil^, (115) 

NB = -i j d^xj^ = -i j d^x {nip-ip^n^^-7rc^Ccp + (116) 

Qf = - J d^x 7^° = - j d^x ^nC(p-(p^nl^Y (117) 

Q+ = -J d^x -TTc^ipY (118) 

The same algebraic relations hold as those in ifGOll . 

The above charges are conserved and generators of global U (1) and fermionic trans¬ 
formations for scalar fields. They satisfy the relations, 

{%,^.‘’}pB=0, |jV„.0"}pB = O. {Qf,<(.''}pb = 0. |qJ,^.‘’}pb=0, (119) 

where 0® are first class constraints II113D and the Hamiltonian Hm- From mOlD - Ill04t 
and Illl9t . following relations can be considered as first class constraints, 

Na^O, iVB = 0, Qf = 0, Q+ = 0. (120) 

After taking the following gauge fixing conditions for the first class ones II113D . 

yl'’ = 0, B°^0, C+'’ = 0, C“° = 0, (121) 

the system is quantized by regarding variables as operators and imposing the same type 
of relations llHOll and lED on the canonical pairs. From 11120k it is reasonable to impose 
the following subsidiary conditions on states, 

AT^Iphys) = 0, ATfilphys) = 0, Qplphys) = 0, Qpiphys) = 0. (122) 

Then, they guarantee the unitarity of our system, though it contains negative norm states 
originated from C(p and c^. 
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